Linear Algebra

Alphabet

I Identity Matrix

det(A) Determinant of Matrix A

adj(A) Adjoint of Matrix A

Cij Cofactor of Entry a;;

[[v]| Norm of v

R" The set of all ordered real n-tuples
cn The set of all ordered complex n-tuples
[Vl Coordinate of v relative to Basis B
Pp_.p Transition Matrix from B to B’
span(.S) Span of Vector Set S

D Diagonal Matrix

Q Orthogonal Matrix

A* Conjugate Transpose of Matrix A

Elementary Row Operations

1. Multiply a row through by a nonzero constant.
2. Interchange two rows.

3. Add a constant times one row to another.

Gaussian Elimination

Row Echelon Reduced Row Echelon

1 * * 1 0 0 =
—

0 1 =* = 0 1 0 =x

0 0 1 = 0 0 1 =

Find Inverse of Matrix

[A | I] row operations [I | A—l}

LU-Decomposition

Gaussian Elimination
A LU

without row interchanges

Determinants signed n-dimension volume

Cofactor Expansion

a11  G12  a13
o a23 21 a23 a21
a1 Q93| = a11 — a2 + a3
ass3 az1  Gs3 as1
asi az3
Row Reduction
kaii  kaiz kags aiy Gz G13
asi Gy a3 | =klaz ax ass
a3z1 Q32 033 az1 G32 Q33
21 G22 A23
= —|a21 G223 a23
a31 a3z a33 a3zl Q32 a33
ann +kazr  aiz+kaze aiz+kaxs|  |ann a2 as
azi @22 a23 = |G21 G22 (23
as1 a3z as3 a3z1 azz ass
Properties
a1 +bi1 aia+bio aiz+biz aiy Gz a13 bir b2
a21 a22 a3 = |a21 ag2 a23|t+ |a21 a22
as1 a32 a33 az1 G32 Q33 as1 a3z

a1 a2 Q13 det(A) = det(AT)
azy  ap3| = anagazy  det(A)det(A) =1
ass det(AB) = det(A) det(B)

bis
ass

ass



Adjoint

Ci1 Co Ch1
. 012 C22 Cn?
adj(A) =
Cln OZn Onn
A adj(A) = det(A)I
Cramer’s Rule - the solution of Ax=>b
air ... G1(34—1) by ai(i+1) --- Qin
asy ... Gy—1) b2 agiy1) .- Go2n
An1 .. Gp(i—1) by An(i+1) --- Qnn
€Ty =
4

Vandermonde Determinant

1 1 1
1 x2 Tn
—1 -1 n—1
Ty ) T

Vector Space

Vector Space Axioms

.,veV=ut+velV
.u+v=v-+u
ut+(v+w)=(u+v)+w
.0+u=u+0=u
.u+(—u)=(—u)+u=0

T W N

6ucV=kueV

7. k(u+v)=ku+kv
8. (k+ m)u=ku+ mu
9. k(mu) = (km)u

10. lu=u

Inner Product Axioms

Condition wv,weR? uv,weC"
Definition (u,v) =ul v (u,v) =ul ¥
[ Symmetry Property ] (u,v) = (v,u) (u,v) = (v,u)
[ Distrbutive Property | (u,v+w) = (u,v)+ (u,w) (u,v+w) = (u,v) + (u,w)
[ Homogenity Property ] (ku,v) =k (u,v) (ku,v) =k (u,v)
[ Positivity Property ] ( v) >0 (v,v) >0

Dot Product - Euclidean Inner Product

u-v= ||11||HV||COS <ll, V> =UV1 + -+ UpUp

Cauchy-Schwarz Inequality

wveR"=|u-v| < |lull|v]

HXV(

Definition: W is a subspace of V'

Cross Product

U2 U3

V2 U3

Subspace

0.WcCVvV
lL.uyveW =u+veW
22.ueW=kueW

Linear Independence

Definition: S = {vq,v2,...,Vys} is a linearly independent set
k1v1 + k2V2 —+ -+ ann =0
®k1:k2:~~:kn20

Transition Matrix
B ={uj,uy,...,uy} B ={uj,uj,...,u,}
Ppop = |[m]p [w]p ... [Un}B/} =(B)"'B

[V]B/ = Ppp [V]B



Find Basis for span(\5)

Suppose S = {vy,vs,...,Vn}

Gaussian Elimination ’ , ’
Vi Va ... ¥y viovh oL vl
0
vi= | 1| = all v; form a basis for span(S)
0

Dimension Formula

dim(W1 + WQ) = dim W7 + dim W5 — dim(W1 N WQ)

Linear Transformation

[ Homogeneity property ] T(ku) = kT (u)
[ Additivity property | T(u+v)=T(u)+T(v)

Isomorphism

Definition: T is an isomorphism, V' and W are isomorphic
(If V and W are both n-dimensional, then V and W are isomorphic.)

T:V — W is both one-to-one and onto

Gram-Schmidt Process

1) Basis{uy,uy,...,u,} — orthogonal basis{vy,va,..., vy}
Vi =wm
<112, V1>
V2 =2 1
[[va][?
<un7 V1> <un7 Vn71>
Vp = U, — vi— ey
N A Vaal2 7
2) orthogonal basis{vy,va,...,Vp} normalize, . \-thonormal basis{qi,qz2,...,qn}

Least Squares solution

AT (Ax —b) = 0 20 ) Ax — b

Matrix Methods

Find Eigenvalues and Eigenvectors

Characteristic Polynomial p(A) = det(N — A)

Eigenvalues Solutions of p(A\) =0
Eigenspace corresponding to Ag Solution Space of (Al — A)x =0

Diagonalization

Definition: A is diagonalizable

P~1'AP = D is diagonal

Similarity

B=P AP

A and B have the same Determinant, Rank, Nullity, Trace, Invertibility,
Characteristic Polynomial, Eigenvalues and Dimension of Eigenspace
QR-Decomposition

Condition: A = [ul uy un] has full column rank

Gram-Schmidt
{ug,...,un} —————— {q1,...,n}
<111,Q1> <1127Q1> <11n,‘11>
<1127 CI2> e <11n, ‘-12>
AZQRZ{m Q@ .. qn} .

(U, Gn)



Orthogonal Diagonalization

A is symmetric = A = QDQT, where Q is orthogonal and D is diagonal

Gram-Schmidt
_—>

eigenspace A; : basis{vy,..., vk} {ar, ..., qx}

eigenspace Ag : basis {vp,...,Va} Gram-Schmidt, {dp,---,an}
A1
Q= [ql qn] D=
As
Singular Value Decomposition
01
T oz
Apxn =UXV" = [ul u ... um] _ [vl Vo
Inl sn
. UIZVAIZ"'ZJn:VAn
Singular values of A: . -
A1, ..., Ay are eigenvalues of A* A

V = [v1,...,va] orthogonally diagonalizes AT A
AVi

4

(i=1,...,n)

Ui

Hermitian, Unitary, and Normal Matrices

FOR REAL MATRICES For COMPLEX MATRICES
AT [Transpose] A=A [Conjugate Transpose]
A = AT [Symmetric| A = A* [Hermitian]
AAT = I [Orthogonal] AA* = I [Unitary]
PT AP = D [Orthogonally Diagonalizable] P*AP = D [Unitarily Diagonalizable]
AT = — A [Skew-symmetric] Ar=A"=-4A [Skew-Hermitian|

AA* = A* A [Normal]
Quadratic Form

2T Az = 2" PDPTx = (PT2)"D(PTx)

x = Py is an orthogonal change of variable

Positive Definite, Semidefinite and Indefinite

T positive definite < 2T Az > 0 for z # 0
vn} & A’s eigenvalues Ap, ..., A, >0

< the determinant of A’s principal submatrices are positive

negative definite < z7Az <0 for x #0

indefinite < has both positive and negative values
S FA>0,0,<0
positive semidefinite < 27 Az >0 for z # 0
negative semidefinite < 27 Az <0 for x #0



